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Abstract 
 
Soil-structure interaction is one of the most important factors in the 
analysis; especially for complicated problems such piles are 
subjected to different loads. Owing to the sensitivity of pile design 
and analysis to geometry, loading type and soil behavior, it is 
unavoidable to consider the soil-structure interaction. Using 
subgrade reaction approach is one of the most practical method in 
predicting the deflection and bearing capacity of piles subjected to 
lateral loads. Therefore, it is necessary to predict the exact value of 
modulus of subgrade reaction. Many full-scale pile test have been 
performed in order to investigate the behavior of lateral resistance 
on cast-in-place concrete piles. Finite element (FE) methods also 
can be applied to predict the variation of horizontal subgrade 
reaction (�ℎ) in three-dimensional analysi. Accordingly, the FE 
results are compared with the results of some loading tests 
documented in the literature. The obtained results from numerical 
analyses are found to be in good agreement with the experimental 
measurements. The purposes of this paper are to estimate the 
modulus of horizontal subgrade reaction (kh) for single piles by 
back-analysis method and the effect of vertical load, pile length and 
amount of applied loads on the kh value. The results of the back-
analysis method are compared to those obtained using existing 
relationship. Moreover, the results show FE method can be helpful 
to estimating soil-pile interaction behavior. 
 
Keywords: Modulus of horizontal subgrade reaction, Back-analysis 
method, Lateral pile behavior, Soil-pile interaction 

1. Introduction 
Pile foundations are often proposed as supporting structures, where 
adequate bearing capacity is not available for the designers at 

shallow depths. Single piles or piles in groups are often subjected 
to both axial and lateral loads. Such foundations are required to be 
analyzed for combined vertical and lateral loads. Piles which are 
subjected to lateral loads in offshore structures, waterfront 
structures, bridges, buildings, industrial plants, locks, dams, and 
retaining walls. Piles used to stabilize slopes are also subjected to 
lateral loading. Lateral load–deflection response of long piles is 
commonly predicted using subgrade reaction approach, although 
other approaches are available. In subgrade reaction approach, it is 
assumed that soil acts as a series of independent linear elastic 
springs. This method has the advantage that it is relatively simple 
and factors like soil nonlinearity, variation of subgrade reaction 
with depth, and soil layers can be incorporated relatively easily.  
Several empirical coefficients developed from pile test are used in 
the analysis of piles using subgrade reaction modulus approach. 
Palmer and Thompson’s [1] formula for subgrade reaction kh was 
used to interpret the instrumented results of the lateral load test. 
Based on analysis of 22 full-scale lateral load tests on piles of 
different materials embedded in different types of soils, Mwindo [2] 
developed five empirical relations to estimate the strain dependent 
modulus of horizontal subgrade reaction kh. This approach was 
further analyzed by Kumar [3] and Prakash and Kumar [4] to 
predict the load–displacement relationship for piles under lateral 
loads. Kumar et al. [5] proposed khmax approach, which is defined as 
a low strain modulus of horizontal subgrade reaction. Chin et al. [6] 
presented the results and interpretation of a lateral load test on a 
fully instrumented spun pile in soft ground for the land viaduct 
section of a high speed train project. The test results were further 
analyzed to interpret the subgrade reaction profile (��) along the 
pile depth. Generally, interpreted subgrade reaction profile had 
shown a peak at about five to six meters depth for all loading except 
for initial loading up to 20kN. This was due to the horizontal soil 
pressures not fully developed. In addition, the initial interpretation 
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using subgrade reaction did not show any visible trend with applied 
lateral load. Iftekharuzzaman and Hawlade [7] examined the 
behavior of steel pipe pile under pure lateral load in sand subjected 
to lateral load by (FE) analysis. 
The subgrade reaction approach treats a laterally loaded pile as a 
beam on elastic foundation Fig. 1 [8]. It is assumed that the beam 
is supported by a Winkler soil model, according to which the elastic 
soil medium is replaced by a series of infinitely closely spaced, 
independent and elastic springs. According to Winkler’s 
assumption the stiffness of the springs, kh can be expressed as 
follows: 

 �� = �
� (1) 

Where p is the soil reaction per unit length of pile and y is the 
deflection.  
 

 
Fig. 1. Subgrade reaction Model of (1) actual soil reaction on pile 

and (2) Elastic spring model of soil reaction after Prakash and 
Sharma (1990) [8] 

The behavior of a laterally loaded pile can thus be analyzed by 
using the equation of an elastic beam supported on an elastic 
foundation and is given by the equation; 

�� ������ + � = 0 (2) 

Where E is the modulus of elasticity of the pile material and I is the 
moment of inertia of the pile. 
Eq. (2) can be rewritten as: 

���
��� +

����� = 0 (3) 

An exact solution of the fourth order differential equation is not 
always available as it depends on the variation of modulus of 
subgrade reaction, k, with deflection. Matlock and Reese [9] 
performed dimensional analysis and suggested relations to 
determine pile deflection, pile rotations, bending moments, shear 
forces, and soil reactions. The p–y curve approach incorporates the 
nonlinear behavior of soils in the analysis of laterally loaded piles 
by predicting nonlinear soil reaction–deflection relationship.  
Geotechnical engineers prefer to consider soils as nonlinear 
materials with properties that vary throughout a site. These 
properties may also vary over time and loading conditions, yielding 
a highly complex set of behaviors. While this is an encouraging 
trend, structural engineers are often required to take a step back 
from such a sophisticated and time-consuming approach. This is 
often reflected in structural design software that use beam elements 
and elasto-plastic spring elements to represent soil support 
behavior. This paper examines the methods to achieve these 

simplifications without creating an overly conservative or incorrect 
design. Representing the full spectrum of three-dimensional soils 
foundation-structure interaction is a laudable goal, but rarely 
achievable within the present design environment, hardware, and 
software. As a reasonable approximation, one may model the 
foundation system using sophisticated geotechnical software 
(Plaxis, Midas, FLAC) and produce a series of foundation response 
curves which can then be approximated in the structural design 
model with simpler elements and material behaviors [10].  
In this study the back-analysis method is suggested to predict 
modulus of horizontal subgrade reaction in single piles. The back-
analysis method is a way in which pile and soil are modeled in 
numerical method. Then the pile displacement-depth and soil 
reaction-depth curves can be achieved from outputs. By dividing 
the soil reaction to displacement in any depth of pile, the horizontal 
subgrade reaction curve is achieved. This approach could calculate 
kh for using in structural software. 

2. Analysis method 
2. 1. Back-analysis method 
The coefficient of horizontal subgrade reaction, ��, is influenced 
by many factors among which are the pile deflection, the effective 
overburden pressure, the relative density of soil, groundwater 
condition, nature of applied load (static or dynamic), and the 
properties and shape of the pile section. To calculate the modulus 
of subgrade reaction there are three ways: Full scale pile test 
program; Plate load test; empirical relationships. Among these 
methods, the full scale pile test is accurate. But it’s time consuming 
and is cost a lot. Therefore it cannot be used in all projects. 
Empirical relationships are less accurate. Because in many of them 
a series of simple assumption are used. In this study, the back-
analysis method is proposed to predict the subgrade reaction 
modulus. In back-analysis method, soil and pile with considering 
interactions between them and all of the conditions are completely 
modeled in numerical software. After numerical analysis the soil 
reaction-depth curve and pile deflection-depth curve will be 
obtained. By dividing soil reaction to pile deflection for each depth, 
the coefficient of horizontal subgrade reaction curve will be get. In 
this paper the numerical modeling was performed by using 
ABAQUS software packages.  

2. 2. The numerical approach 
To investigate a reinforced concrete (R.C.) pile under vertical and 
horizontal loading, the finite element software Abaqus [11] is used 
in this study. In this software, several constitutive models are 
involved to model the behavior of the pile and soil. However, the 
choice of a constitutive model depend on the material parameters 
that are available for the case study. Considering that, the 
constitutive models used in the present study are relatively simple 
and require few material parameters as input data. These parameters 
can also be easily obtained from conventional geotechnical and 
structural tests. 
A linear elastic perfectly plastic model with Mohr–Coulomb failure 
criterion and flow rule of nonassociated type is considered for 
modelling the soil behavior. The soil parameters required by this 
constitutive model are the modulus of elasticity E, Poisson’s ratio ��, shearing resistance angle ��, effective cohesion ��, and angle of 
dilatancy �. 
The pile is specified by different stress–strain relationships for 
concrete and reinforcement. The constitutive model for concrete 
contain the plasticity theory for compressive stresses and the 
fracture mechanics for tensile stresses. This model is appropriate 
for R.C. structures, which are subjected to monotonic loading. For 
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compressive stresses, it is supposed that concrete behaves as an 
elastic plastic material with isotropic hardening and associated flow 
rule [11], [12]. The equation of the yield surface is 

� − √3���� − √3�� = 0 (4) 

In which �� and � are defined, respectively, as 

�� = − 1
3 �� (5) 

� = �3�� (6) 

Where ��  is the first invariant of the stress tensor and ��  is the 
second invariant of the deviatoric stress tensor. It should be noted 
that the sign convention used in the present study is that usually 
accepted in mechanics of solids, according to which tensile stresses 
and strains are considered positive. In addition, because of the fact 
that Eq. (4) does not depend on the third invariant of stresses, this 
equation should be used when concrete is subjected to low 
confining stress (less than four to five times the largest compressive 
stress that can be carried by the concrete in uniaxial compression 
[11]). In Eq. (4), �� is a constant that could be calculated as: 

�� = √3 1 − ����
1 − 2����  (7) 

Where ����  is the ratio of the compressive strength of concrete under 
biaxial conditions to that under uniaxial conditions (typically ���� ≅1.16 [11]). In addition, ��  accounts for the dependency of the yield 
surface on the plastic deformations owning to the hardening 
parameter �� the expression of which is: 

�� = ���
(1 + ��� )(��

√� − 1) (8) 

Where 

�� = 9 ���� �√3 − ��� + (�� − √�
� )

���� ��� − √3� + ���� (2√3 − 4��) (9) 

��� is the plastic strain measured in a uniaxial test, and ����  is the 
ratio of the plastic strain at failure under biaxial condition to that 
under uniaxial conditions (typically ���� ≅ 1.28 [11]). The �� − �� 
relationship can be determined using Eq. (8) along with Eq. (4) that 
under uniaxial conditions leads to 

�� = ( 1
√3 − ��3 )�� (10) 

In which ��  is the stress associated with ���  in an uniaxial 
compression test. Specifically, �� is calculated as a function of ��� 
using Eq. (8), and the associated value of ��  is calculated as a 
function of ��  (which is experimentally related to ���) using Eq. 
(10).  After peak strength is reached, a strain-softening behavior is 
considered to simulate the strength reduction caused by concrete 
crushing.  
The main advantage of the described constitutive model is that it 
only requires, as input data, a stress–strain relationship of the 
concrete under uniaxial conditions. The relationship adopted in the 
present study is shown in Fig. 2. It consists of a piecewise linear 
function which is completely defined by the following constitute 
parameters: Young’s modulus �� (which together with Poisson’s 
ratio, ��  describe the elastic behavior of concrete), compressive 
strength �� , and tensile strength ��� of concrete. As shown in Fig. 2, 
the behavior of concrete is elastic when compressive stress is less 

than 0.3�� . For higher values of stress, plastic deformations occur 
owing to the hardening behavior of the material. Failure is 
encountered at a strain of 1.81 ��/�� , after which the material 
response is strain-softening. For tensile stresses, the behavior is 
linear elastic until stress reaches the tensile strength. After this 
condition, the material is characterized by a strain-softening 
behavior with strength that progressively reduces with increasing 
strain to account for approximately the tension stiffening effect 
owing to the concrete-reinforcement interaction. A more detailed 
description of the constitutive model considered in this study for 
concrete can be found in the Abaqus manuals [11]. The stress-strain 
relationship considered for the steel bars is plotted in Fig. 3.  
 

 
Fig. 2. Stress–strain relationship considered in the present study 

for concrete under uniaxial conditions 

As shown, the behavior of steel is elastic perfectly plastic and it is 
identical for tension and compression. The material parameters 
required by this latter constitutive model are Young’s modulus ��, 
Poisson’ ratio ��, and yield strength of steel ��. The reinforcement 
is assumed to be smeared on a pipe which is embedded in concrete 
and is perfectly bonded to it. 
Finally, a shear-strength criterion of Mohr–Coulomb type is 
imposed at the soil–pile interface. For cohesionless soils, this 
criterion is expressed by the following equation:  

���� = �� ��� � (11) 

Where ���� is limiting shear force, �� is the normal force, � is the 
friction angle at soil-pile interface. In addition, separation between 
pile and soil occurs when tensile force develops at the soil–pile 
interface. 

3. Analysis of case study 
The behavior of a long circular pile during some horizontal loading 
tests and a short (rigid) circular pile subjected lateral and vertical 
loading documented in the literature is analyzed. For each case 
study, the available experimental results from these tests are 
compared with those predicted by the numerical approach. 
Considering that the subsoil at both test sites consists of sandy 
soils, the analyses are performed under drained conditions. 
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Fig. 3. Stress–strain relationship considered in the present study 

for the steel bars. 

3. 1. Load test on a long circular pile 
The finite element results are verified using the full-scale test 
results reported by Huang et al. [13]. To optimize the design of the 
pile foundations planned for the construction of a high speed rail 
system in Taiwan, full-scale load tests were performed on two pile 
groups and some single piles. The piles were either bored or driven. 
In this study, the results from the horizontal loading test performed 
on a single pile denoted as B7 are considered. Pile B7 was a bored 
R.C. pile with a diameter of 1.5 m and length of 34.9 m. The 
reinforcement consisted of 52Ф32 steel bars arranged in two rings. 
The structural properties of the concrete and reinforcement are 
indicated in Table 1. A hydraulic jack was used to apply the lateral 
load at the pile head during the test. In addition, an inclinometer 
casing was attached to the longitudinal bars of the reinforcement to 
measure the lateral deflection profile of the pile.  

Table 1: structural properties of the pile subjected to the load test 
[13]. 

Concrete  Steel 
�� (���) �� �� (���) ��� (���)

 �� (���) �� �� (���)
32,173 0.2 -27.5 2.7  210,000 0.3 471 

 
A site investigation consisting of boreholes, penetration tests (SPT 
and CPT) and flat dilatometer tests (DMT) were performed before 
pile installation. Two penetration tests with shear wave velocity 
measurements (SCPT) were also carried out. In addition, laboratory 
tests were conducted on the soil samples taken from the boreholes. 
The soil within the 80 m depth can be classified in general as a silty 
sand with layers of sandy silt. These latter layers are characterized 
by values of the tip resistance, ��  in the order of 2–3 MPa. The 
average value of ��  in sand is about 10 MPa. The dilatometer 
modulus ��presents a similar profile to that of ��, with values of 
about 10 MPa in the silty layers, and 40–60 MPa in the sand. 
Groundwater was found at approximately 1 m below the original 
ground surface. Three additional CPTs and DMTs were performed 
after the pile construction, but before performing the loading test. 
Comparing the results of these tests with those of the tests 
performed before pile installation shows that the construction of the 
bored pile B7 had a loosening effect on the surrounding soil at 
depths of less than 10 m from the ground surface [13]. On the basis 
of the available data, in the present study the subsoil is subdivided 
into six layers as shown in Fig. 4.  The soil parameters used in the 
analysis are shown in Table 2. It is assumed that the soil is 
completely submerged with buoyant unit weight �� = 9��/�� . 

Loading is applied close to the pile head which is off the ground 
surface by 1 m. A comparison in terms of the horizontal 
displacement-load curve at the pile head is presented in Fig. 5. 
Conte et al. [14] analyzed the same pile in his researches. He plotted 
the validation results in his paper. As can be seen, there is a fairly 
good agreement between simulation and observation.  

Table 2: Soil properties considered for simulating the load test 
[13]. �� (°) �� (°) �� (���) �� G (���) Layer No 

0 33 0 0.3 30.8 1 
0 34 0 0.3 57.7 2 
0 28 0 0.3 57.8 3 
0 33 0 0.3 87.7 4 
0 28 0 0.3  87.7 5 
0 30 0 0.3 87.7 6 

 

 
Fig. 4. Soil properties considered for simulating the load test 

documented by Huang et al. [13]. 

 

 
Fig. 5. Comparison of measured and predicted load-displacement 

curve at the pile head. 

 3. 2. Load test on a rigid circular pile 
The investigation were carried out on an experimental pile test 
result at one of the construction sites in Kiev, composed to a depth 
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of 6 m of sandy loam of very stiff consistency with a unit density � = 1.65 �/���, shear parameters � = 18° and c = 18 kPa, under 
lain by loam with a thickness of more than 7 m with � =1.71 �/���, � = 14° and c = 24 kPa [15]. 
The Young’s modulus and the Poisson’s ratio of the top soil were 
taken as 25,000 kPa and 0.35, respectively based on empirical 
correlations [15]. The soil in the bottom layer was assumed to have 
Young’s modulus of 20,000 kPa and Poisson’s ratio of 0.40. The 
dilation angle of the soil in both layers was assumed to be 0°. The 
length and diameter of the concrete test pile considered by Karasev 
et al. were 3 m and 600 mm, respectively. The piles were reinforced 
over the entire length by circular three-dimensional cages with 
eight 16-mm-diameter working rods of steel of class A-II. The field 
tests were conducted by first loading the pile in the vertical 
direction and then the horizontal loads were applied while the 
vertical load was kept constant [15]. The same sequence of load 
application was followed in the current finite element analysis. The 
behavior of the soil was modelled using the Mohr-Coulomb 
constitutive model. The comparison between the finite element 
predicted and the experimented data is shown in Fig. 6. Karthigeyan 
et al [16] employed this pile for validation of the numerical 
modeling and his result is also plotted. 
 

 
Fig. 6. Comparison of measured and predicted load-displacement 

curve at the pile head 

4. Results and discussion 
A full three-dimensional FE analysis performed done for R.C. pile 
subjected to vertical and lateral loads in silty sand. The pile length 
is 34.9 m and 7 m respectively for long and short pile, and the pile 
diameter is 1.5 m for both of them. The bottom and the lateral sides 
of the domain are located far enough from the pile to avoid any 
significant boundary effect. In this connection, the suggestion by 
Karthigeyan et al. [17] of locating the lateral sides and the soil’s 
bottom respectively at a distance of 20B from the pile axis and 
L+20B (where B is the pile diameter and L is pile length) are found 
to be successful. The base of the domain is fully fixed, and the 
lateral sides are constrained by vertical rollers. To evaluate the 
initial stress field in the subsoil before the loading test, the 
coefficient of earth pressure at rest is estimated on the basis of the 
value of �� = 0.72 can be assumed for any soil layer [14]. The 
dilatancy angle is assumed to be zero. It is also assumed that � = ��at the soil–pile interface. 
The finite element mesh adopted in the analyses for discretizing the 
soil and pile consists of 8 node linear brick reduced integration solid 
elements with hourglass control [11]. The mesh adopted for soil, 
pile and reinforcement is shown in Fig.7 a–c, respectively. 
Structural properties of the pile are presented in Table 1. The soil 
properties used in simulation are the first layer of the field that 
Houang et al [13] performed load test. The geotechnical parameters 
used in numerical analyses are shown in Table 3. 

Table 3: Geotechnical properties of soil used in finite element 
analysis [13]. �� (��/��) 

��  (°) ��  (°) ��  (���) �� E  
(MPa) 

9 0 33 0 0.3 80.08 

4. 1. Lateral displacement 
Fig. 8 shows the computed lateral displacement of the long pile with 
depth for both pure lateral loads and combined vertical and lateral 
loads. As can be seen, the deformation of the pile at initial depth is 
high and after about 8 or 9 meters depth, the deformation is very 
close to zero. There is no rotation around a point for long pile due 
to high overburden pressure. The lateral deflections have reduced 
considerably due to the presence of vertical loads. The data on 
lateral deflections clearly shows the influence of vertical loads on 
the lateral behavior of piles. 
Fig. 9 shows the computed lateral displacement of the rigid pile 
with depth for both pure lateral loads and combined vertical and 
lateral loads. As can be seen there is rotation around a point for rigid 
pile. The lateral deflections have decreased due to the presence of 
vertical loads. The point of rotation has also moved up as the 
vertical load levels increase. 

 

 
Fig.7. Finite element mesh for the (a) soil domain, (b) pile and (c) reinforcement used in FE analysis
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Fig. 8. Lateral displacement of long pile 

 
Fig. 9. Lateral displacement of short pile 

4.2 Soil reaction 
Lateral soil reaction (force per meter length of the pile) is plotted in 
Fig. 10 and Fig. 11 for long and short pile respectively. In FE 
analysis, the x-component (lateral) of nodal force is calculated first 
for all the nodes at a given depth. Dividing the sum of the nodal 
force in the x-direction by the vertical and horizontal distance 
between two sets of nodes in the pile, the lateral soil reaction is 
obtained. After reaching to the maximum value of soil reaction, it 
decreases quickly with depth. The maximum soil pressure is 
developed at greater depth for larger value of lateral load. 

 
Fig. 10. Soil reaction on long pile 

 
Fig. 11. Soil reaction on Short pile 

4. 3.  Influence of applied loads changes on kh values 
By changing lateral load values, soil reaction and pile deflection 
will be change. Therefore, according to Eq. (4), the subgrade 
reaction modulus definitely will change. Fig. 12 shows subgrade 
reaction-depth curve for some values of lateral loads for long pile. 
By comparison the curves, it can be seen that with increasing lateral 
loads, the horizontal subgrade reaction modulus is reduced.  

 

Because by increasing the lateral load, the pile deflection increased. 
So based on Eq. (1), subgrade reaction modulus will be decreased. 
Fig. 13 shows the effect of vertical and lateral loads on subgrade 
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reaction modulus for short pile. These curves show that presence of 
vertical load reduces the subgrade reaction modulus, and with 
increasing the vertical load value, there will be more reductions. 
Therefore, vertical load plays an important role in the estimate of 
subgrade reaction modulus and it cannot be ignored in practice. 

4. 4.  Comparison with empirical relationships 
Most engineers use subgrade reaction approach in practice. For 
calculating the kh values, they use empirical relationships. But these 
relations have limitations and do not take into account all the 
factors. Here the comparison between some empirical relationships 
which are most useable in practice with back-analysis method is 
presented. The coefficient of horizontal subgrade reaction can be 
obtained by means of various empirical and semiempirical 
relationships. Assuming that the coefficients of horizontal subgrade 
is a function of depth Z and unit weight �, Terzaghi [18] showed 
that 

�� = ��(��) (12) 

Where ��  is the constant of horizontal subgrade reaction and is 
given by 

�� = 2��/1.35 (13) 

Where A is a constant. Various values of �� for sands are suggested 
by Terzaghi [18], Reece [19], and Bowles [20]. Fig. 14 shows the 
comparison between Eq. (12) values and the back-analysis 
approach. In empirical relationships the subgrade reaction increases 
with depth linear while the real curve is nonlinear, and by changing 
the loads �� values certainly will be change which empirical 
relationships does not consider it. 
 

 
Fig. 12. Influence of applied loads on subgrade reaction modulus 

for long pile. 

 
Fig. 13. Influence of applied loads on subgrade reaction modulus 

for short pile 

 

 

 
Fig. 14. Back-analysis method vs empirical relationships 
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5. Conclusions 
The behavior of a reinforced concrete pile subjected to vertical and 
lateral loads is examined by FE analysis. The response of the piles 
in silty sand soil under lateral loads is influenced by the presence of 
vertical loads. The presence of vertical loads decreases the lateral 
deflection and by increasing the lateral loads, the reduction 
magnitude will be increased.  
Back-analysis method has been presented for predicting the 
subgrade reaction modulus. Based on the analysis the modulus of 
horizontal subgrade reaction will be decreased by increasing lateral 
loads and presence of vertical loads. It also will change with 
changing the pile geometry. The available empirical relationships 
are reviewed. It is shown that a wide range of value of horizontal 
subgrade modulus can be obtained depending on the table, chart, or 
relationship used. From the available field load test data in literature 
and numerical results, it is observed that among the many factors 
that influence the coefficient of horizontal subgrade reaction, the 
magnitude of pile deflection and the effective overburden pressure 
play a significant role. 
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